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A summary of solution methods for rotation of a polarization vector in magnetic fields with
special properties is given. Special attention is given to the so-called resonance-frequency flippers.
Some examples are worked out and approximate formula’s are derived and compared to numerical
simulations.

I. INTRODUCTION

For many applications it is needed that the rotation of the polarization vector, ﬁ(t) of a particle or other
system is accurately known. Here it is assumed that the rotation of the polarization vector can be described by
the Larmor equation

%ﬁ(t) = —B(t) x P(t)

where the time dependent magnetic field is given by
cos ¢(t) sin 6(¢)

B(t) =Bt)n(t) 7(t) = | sine(t)siné(t)
cos 0(t)

and + is the gyromagnetic ratio. For neutrons vy = p,,/(h/2) = 1.83247 x 108 1/Ts. This equation can be recast

into the following matrix equation

d = .

=Pt =~ (L-Bw) P (1)

where L is the angular momentum matrix vector with components

N 0 00 R 00 -1 R 0 10
L,=10 0 1 , Ly,=100 0 and L,=[ -1 00
0 -10 10 0 0 00
which can be rewritten as
d — — —
L0 =7BOM)P()

where
M(t) = L - ii(t) = cos ¢(t) sin O(t) L, + sin ¢(t) sin H(t)fy + cosO(t)L,

The matrix J/\/[\(t) has the properties ]\//.T(t)T = J/\l\(t)3 = —J/M\(t), where M\(t)T is the transpose of M\(t) These
L2
P

properties ensure that is constant under this differential equation. The solution methods followed here

have been elaborated in [1]. Unfortunately M(t) has a determinant 0 so that it cannot be inverted. This
problem can be solved by using the 2D spinor representation of the Larmor equation (see appendix A).

II. CONSTANT FIELD DIRECTION

If the magnetic field changes in magnitude, but not in direction, the matrix M does not depend on time. In
this case one can use the ansatz that the polarization vector has an implicit dependence on time via the function

F(t) = ’y/OtB(:E)dx
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FIG. 1: Effect of rotation matrix on rotation of polarization vector from 13(0) to 13(:‘,)

The differential equation for the polarization vector can be written as

diﬁ(F) iﬁ(F) =0
dF3 dF B

with a solution complying with the correct initial conditions

—

P(t) = Ra(F(£)) P(0)

where

~

Ra(r) = M?(1 — cost) + MsinT + 1

is a rotation matrix describing a rotation around axis 7 over an angle 7 (see figure 1). I is the unit matrix. The
precession plane is the plane in which the end point of the polarization is found and is always perpendicular to
the rotation axis. When the magnitude of the magnetic field is also constant the solution reduces to

P(t) = Ra(yBt)P(0)

III. ROTATING FIELD

If the magnetic field changes in magnitude and the direction rotates around a fixed axis it can be described
by

B(t) = B(t) Ry (wt)m

where 77 is the unit vector in the direction of the axis the magnetic field is rotating around and w is the rotation
frequency. Let us define a rotating polarization vector

so that eq. (1) becomes

Note that Rz(r)~' = Ra(—7), dRz(7)/dr = (E . ﬁ) Rz(7) and (E . ﬁﬁ(T)ﬁi) Ri() = Ra(r) (E : ’I”?L) This

can be written as



where

VBu(t) = VATBOR o — B B ) and (0) = TP 2)

In this way the new differential equation is completely analogue to the initial eq. (1). As long as ¥(t) does not
depend on time, the results can be calculated using the results of the previous section

P(t) = Ra(wt) Ry(yBet) P(0) (3)
A. Fast rotating field
For a fast rotating magnetic field, constant in amplitude, eq. (2) can be simplified. Let n = yB/w << 1, then

2
B, —w (1 (w1 — @) 0(773))

2
and
T = —ii + (i — (7 - 7)) + O()i + O(n?)i
so that
Ry(yBet) = Ra(—yBet) + O(n) R(yBet)
and
B(t) ~ Ralwt — vB.H)P(0)
or
B(t) ~ Rs (B - ) T (gf (G- = 1)) B (”2 B ) (- - ) 7o)

of which also the last factor can be omitted when wt << n®. Hence, a fast rotating field can be replaced by a
field of a smaller amplitude in the direction of the rotation axis of the magnetic field. Its direction is averaged,
so that its amplitude is reduced. If @ L m then the reduction is maximal and the first and last term are just
unit matrices. The exact results are shown in fig. 2 for n = 0.4, 0.2 and 0.1. If 73//7 only the first term remains
and there is no reduction at all.

B. Slow rotating field

For a slow rotating magnetic field eq. (2) can also be simplified. Let ((t) = w/vB(t) << 1, then
— (it — (it - m))C(t) + O(¢(t)*)7

<y
I
S

so that

=

S P () ~ yB.(t) (L) Bt

where F,(t) = fot yBe(z)dx, so that

~ ~

P(t) = Ry(wt) Ry (F.(t)) P(0)

Hence, a slowly rotating magnetic fields rotates the precession plane of the polarization vector with the same
rotation axis as the magnetic field. Hence, the precession plane remains ’'locked’ with respect to the magnetic
field direction. The polarization vector makes many rotations during one rotation of the precession plane. The
exact results are shown in fig. 3 for ( =2, 5 and 10.
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FIG. 2: Rotation of the polarization vector subject to a fast rotating magnetic field (rotation axis in the z-direction and
initial magnetic field in the y-direction). Each graph is a polar plot of the y and z components of the polarization vector
as function of time. At the left side the initial polarization is perpendicular to both the magnetic field and the rotation
axis (z-direction). In the middle the initial polarization is parallel to the rotation axis (z-direction). At the right side the
initial polarization is parallel to the initial magnetic field (y-direction). From top to bottom the ratio between magnetic
field strength and the rotation frequency is 0.1/, 0.2/ and 0.4/~.

C. Resonance flipper

Under certain conditions ¢ can be perpendicular to 7. Then, when the initial polarization is equal to 77 a
rotation matrix Ry(m) corresponds to a flip the polarization vector. Let 7i be the unit vector in the z-direction
- . T . . .
and ¥ = (0 cosa sina), then a flip of the polarization vector occurs for

. T
B:E(l cosay/n? —1 sina\/n2—1> and wt= 0

g4 n2—1

where 7 = %. The field in the z-direction is static and equal to w/7, this is the resonance condition. The
magnetic field rotates in the y, z-plane with a magnitude of /B? —w?/~2. For n >> 1 the effect on the
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FIG. 3: Rotation of the polarization vector subject to a slow rotating magnetic field (rotation axis in the z-direction and
initial magnetic field in the y-direction). Each graph is a polar plot of the y and z components of the polarization vector
as function of time. At the left side the initial polarization is perpendicular to both the magnetic field and the rotation
axis (z-direction). In the middle the initial polarization is parallel to the rotation axis (z-direction). At the right side the
initial polarization is parallel to the initial magnetic field (y-direction). From top to bottom the ratio between magnetic
field strength and the rotation frequency is 10/v, 5/ and 2/~.

polarization vector is a rotation of m due to Larmor precession in a static field Bv. For n = 1+ ¢, where
0 < € << 1, this is a rotation of 7 around an effective field w+v/2¢/~0. Examples of the resonance flipper for
«a = 0 are shown in fig. 4. The flip does not depend on «, the way the flip occurs however does.
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FIG. 4: Flip of the polarization vector subject to a resonant rotating magnetic field (rotation axis in the z-direction and
initial magnetic field in the y-direction). Each graph is a plot of the = (black), y (red) and z (blue) components of the
magnetic field (left side) and polarization vector (right side) as function of time. From top to bottom the ratio between
magnetic field strength and the rotation frequency is 10/, 1.1/ and 1.001/~.

IV. OSCILLATING FIELD SUPERIMPOSED ON A STATIC FIELD

An oscillating magnetic field, with frequency w and magnetic field oscillation amplitude and direction, QEOSC
superimposed on a static magnetic field By can be described by the superposition of two circularly polarized
fields (as described in the previous section), rotating in opposite directions (see figure 5).

— —

B(t) =B, + (Eﬁ(wt) + ﬁﬁ(fwt)) Bose (4)

where 77 is a unit vector perpendicular to éosc. This does not define 7 completely. Let us define a rotating
polarization vector

P(t) = Ra(—wt)P(t)



FIG. 5: Oscillating field superimposed on a static field composed from two circularly polarized fields.

so that eq. (1) becomes

470 = (- (a8 2 Ro(-2et) B} ) Pl

where

YBe = \/(’YBS —w)? + (’YBOSC)Q

and

(’VBS - UJ)’Fi + ’ygosc

m =
vBe

This differential equation can be simplified further by introducing

—

Py (t) = Ry (—yBet) Pa(t)
so that

%ﬁrr(t) = (E . {ﬁm(—yBet)ﬁﬁ(—QWt)gosc}> ﬁrr(t)

Now, if we assume that w >> vB,s., then the field Eﬁ(—2wt).éosc can be replaced by its effective value as
derived in the previous section, so that

d - - (yB2,_ -~ L
—P = L {19 R . (—~B.tn P
dt rr(t) 7( { dw Ry (—y et)n}> Tr(t)

which can be solved by returning to P.(t)

P.(t) = Ry (YBet) Py (1)

so that



which can be rewritten as

with

and

The solution reads
P.(t) = Rs(yByt) P, (0)
and
P(t) = Ry (wt) Rg(yByt) P(0)

The same equation as eq. (3). Hence, under the two conditions ES 1 EOSC and w >> 7By, a linear oscillating
magnetic field has the same effect on the rotation of the polarization vector as a circularly polarized magnetic
field rotation.

A. Resonance flipper

Similar to the resonance flip for a rotating field, a resonance flip for an oscillating field can be constructed.
Again ¢ should be perpendicular to 7. Then, when the initial polarization is equal to 7 a rotation matrix }Aﬁ;(ﬂ)
corresponds to a flip of the polarization vector. Let i be the unit vector in the z-direction and = (0 1 O)T7
then a flip occurs for

W
’yBosc

B, = (w/y — B2, /4w)ii  and wt=

As w >> vBysc, this resonance condition corresponds to 7Bs; =~ w. The magnetic field oscillates in the y-
direction. Examples of the resonance flipper are shown in fig. 6. For large yw/Bys., the results is comparable
to the resonance flip for a rotating field. For small values of this parameter the flip is incomplete.
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FIG. 6: Flip of the polarization vector subject to a resonant oscillating magnetic field (static field in the z-direction and
oscillating direction in the y-direction). Each graph is a plot of the z (black), y (red) and z (blue) components of the

magnetic field (left side) and polarization vector (right side) as function of time. From top to bottom the ratio between
oscillating magnetic field strength and the oscillating frequency is 0.5/, 0.4/~ and 0.04/~.

V. ADIABATIC RESONANCE-FREQUENCY FLIPPER IN TIME

Let us consider the field
E(t) = Bifigy + By c0s(wgrt)fgr + 2By f cos(wyt + ¢pg) sin(wgrt) iy s (5)

where 114, -7,y = 0. To find the solution for the polarization rotation, let us define a rotating polarization vector

—

P(t) = Ra,, (—wr st — ¢rf) P(t)

so that eq. (1) becomes
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where
Er(t) = (Bs + Bgr cos(wgrt) — wy /) flgr + 2By cos(wy st + ¢r ) sin(wgrt)ﬁﬁw(—wrft — Orf)Tipy

Using the fact that 2cos 77 = (R, (7) + R, (—7))7 when i -7, = 0 this can be rewritten as

—

By (t) = (Bs — wrs /) figr + Bry sin(wert) B, (= 2wyt = 2607)p s+ (6)

~

B, (RﬁL (wgrt) cos(ae — m/4) + Eﬁl (—wgrt)sin(m/4 — ae)> Tgr

B27" + B2 B
B, =12 " tana, = -1
> B,

and 7, - fl,f = A - fig, = 0 so that 7,5 = EﬁL (7/2)7ig,. The first term of ér(t) is zero when w, s = yB, and
the last term becomes a simple rotation when a. = 7/4, or equivalently B,; = By, = B.. Then the solution
can be found by introducing

where

Por(t) = Rz, (wgrt) Po(1)

so that the differential equation becomes

where

érr (t) = W’jr .+ Brfﬁgr + ﬁ,—u (wgrt)fiﬁyr (—2wrft)Brf sin(ngt)f{ﬁgr (—2¢rf)ﬁrf

The last term is a fast rotating field that can be replaced by its effective value as was done in the previous
section, reducing the magnetic field to

—

War . ~ yB?; sin(wg,t)? _
B, (t) = ’_Z ny + Brfngr - R’ﬁl (ngt)A

Ngr

4wr f

The final step is to take B,y << By so that the last term can be ignored and Err(t) is a static field, that can
be solved according to the method in section II. The result is

P..(t) = Rs(Qt)P..(0)
where

wgrﬁj_ + fyBrfﬁg'r
Q

Q=,/w2 +92B2;, and U=
so that
P(t) = Ry, (wyst + ¢rp) R, (—wyrt) Ry, (B) R, () Rz, , (—B) R, (— ¢y ) P(0)

where it was used that

when

w
sin 8 = ér and U= Ry, (B)iig,
In the limit that 8 — 0 (adiabatic rotation) and wg,t = 7 the rotation is a flip when the initial polarization was
parallel to 7y,

—

B(t) = R, (wrst — Qt + 2¢,5) R, (m)P(0)
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FIG. 7: Flip of the polarization vector subject to magnetic field corresponding to eq. 5 (static field in the z-direction with
a magnitude equal to the resonance condition (Bs; = yw,s) and oscillating direction in the y-direction with By, = Byf.
wry = 20wy, Each graph is a plot of the x (black), y (red) and z (blue) components of the magnetic field (left side)
and polarization vector (right side) as function of time. From top to bottom the ratio between oscillating magnetic field
strength and the oscillating frequency is 1/v, 0.5/ and 0.1/~.

where it was used that

~ o~

Ry, (7)Ra,, (1) = Ry, (—7) R, ()
Several examples are shown in fig. 7. Differently, when P(0)//7. , then there is no flip, but a rotation around
flgr or when P(0)//7i,¢, then there is a flip and a rotation around 7y, . Further, after double the time wg,t = 27

the rotation is

—

B(t) = R, (w5t + Qt)P(0)

independent of the phase of ET i
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VI. ADIABATIC RESONANCE-FREQUENCY FLIPPER IN SPACE

The gradient field of the previous section can be realized by a field constant in time when the neutron moves
through it

— —

Byr(@) = u(Z - kgr)u(m — T - Kgp) By cos( - kg )tgy
where u(z) is the Heaviside step function
r<0: u(z)=0 and x>0 : ulx)=1

Let Z,(t) = U,t be the position of the neutron at time ¢, then

—

By, (t) = u(wgrt)u(m — wgrt) By cos(wgrt )T gy

where wg, = U, - Egr. Similarly, the oscillating field can be constructed from a field oscillating in time

— = = —

B, (#,t) = 2B, ju(Z - kgr)u(m — & - kg ) sin(@ - kgr) cos(wr st + @rp)Tirs

so that

—

B, (t) = 2B, ju(wgrt)u(m — wypt) sin(wg,t) cos(wy pt + ¢r )ity
The rotation of the polarization vector of the neutron passing these fields is given in the previous section

(wrf - Q)

— ~ m ~ —
P1 = Rﬁqr < + 2¢7‘f) RﬁL (’ﬂ')P()
[ wgr

Now, let us assume that a similar field pattern is created at a location 7,7 downstream of the neutrons path,
then the gradient field is

= —

By (Z) = u((Z — 0,T) - kgr)u(m — (Z — 0,T) - kgr)Bgr cos((& — T, T) - kgy) gy
so that
By (&) = u(wgr (t — T))u(r — wgy (t — T)) By, cos(wgr (t — T))iigr

Similarly, the oscillating field is

— - -

B, (%,t) = 2B, ju((Z — ©,T) - EgT)U(W — (&= 0,T) - kgr)sin((& — U, T) - kgr) cos(wy st + ¢rp)iiyy

where we assumed that the oscillating fields are driven with exactly the same phase, so that

—

Brp (1) = 2B, gu(wgr(t = T))ulr — wyr(t — T) sin(wyr(t — T) cos(wrst + g )ity

The rotation of the polarization vector of the neutron passing these fields is given in the previous section where
now an adapted phase for B,; needs to be used

— ~ rf — Q ~ —
P=Rs, (w + 26,5 + 2wrfT> Ry, (m)P,

Wgr
After both fields the polarization rotation has become
ﬁ = EﬁgT(—QwrfT)p'o

comparable to a polarization rotation as if the neutron moves over a distance v,,T" through an homogenous
magnetic field of magnitude 2B;.
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VII. CONCLUSIONS

Solutions for rotation of a polarization vector in magnetic fields can be derived from the Larmor equations.
Several approximations for slow and fast rotating or oscillating fields give useful insight in the behavior of the
polarization vector. This insight can be used to manipulate the polarization vector. Examples for resonant
flippers indicated the possibilities of the method.

[1] W. H. Kraan, Instrumentation to handle thermal polarized neutron beams (Delft Universtiy of Technology, 2004), 1st
ed., phD thesis.

APPENDIX A: EQUIVALENT SPINOR DESCRIPTION

The spinor description of the Larmor equation reads

%5‘(1‘) = %’y i(7-Bw) S (A1)

where S(t) is the complex spinor and & is the Pauli spin matrix vector with components

(01 (0 —i 4 (10
Op = 10 ,O'y— ZO an O,y = 0_1 .

The polarization vector is given by

where S(t)' is the transpose and complex conjugate of S(t). Eq. (A1) can be written in full matrix form

dz. B({t) 5 &
aS(t)— 5 iN(t)S(¢) (A2)

~—

where

~

N(t) =d-7i(t) = cos ¢(t) sin0(t)7, + sin ¢(t) sin 6(t), + cos§(t)o.
Now N(t)2 = I, the identity matrix and the determinant of N(t) is —1, so that N(t)~! = N(t). Further
N(®)! = N(t), so that it can be shown that ‘g(t)‘z is constant under this differential equation. Eq. (A2) can
be inverted to
S(t) = —Liﬁ(t)iﬁ(t) (A3)
~vB(t) dt
The correspondence between the 3D polarization description and 2D spinor description is fundamental an(Ai

complete. Solutions found using one description can always be represented in the other. For constant N
eq. (A2) can be solved in a similar manner as for the 3D-polarization description, taking

reduces the differential equation to
d2
dG?

with a solution complying with the correct initial conditions

S(@)+5(G)=0

Set) = (f cos G(t) + i Nsin G(t)) 5(0)



